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An approximate solution of the nonlinear heat conductivity equation is obtained using a method 
proposed ear l ie r .  This solution is convenient for  use in the "ignition" cr i ter ion.  

In the study of the p roces se s  of thermal  decomposition of different mater ia l s  and compounds by dif- 
ferential  thermal  analysis  the problem of t empera tu re  distribution is of interest  in the case when the spe-  
cific heat and thermal  conductivity of the sample change with the tempera ture  and the ve ry  p rocess  of con-  
vers ion  is some source  or  sink of thermal  energy. If T(x, t) is the tempera ture  in the cell  as a function of 
coordinate x and t ime t, c~ is the degree of conversion,  E is the activation energy, and C(T), MT) are  r e -  
spectively the specific heat and the thermal  conductivity of the investigated mater ia l  or  the solution, then 
the sys tem of equations for  the case,  when the ca lor imet r ic  cells  have one of the c lass ica l  forms,  becomes 

OT i c) F).i(T~) O T i -  k OT~ H(i--1)  da (1) 
ci (T~) 

d~ -- qp (~)Aexp - -  

T~ (x, 0) = T,4 (2) 

OTij 
).i(Ti ) OT i I =~qi; . . . . .  i .=.-0 (i =, i, 2}. 

Ox }.,.=s Ox i.,.=e (3) 

Here r (c~) is a function charac te r iz ing  the o rder  of reaction, H is the thermal  effect of reaction (per 
unit volume), A is the preexponent, R is the gas constant, q is the intensity of the thermal  flux which heats 
the cell containing the investigated mater ia l  or  the solution (i = 2) and the cell  with the standard (i = 1), and 
A is the halfwidth of the layer  of the mater ia l  or  the solution in the case  of a plane cell (k = 0) and the r a -  
dius in the case  of the cylindical (k = 1) and spherical  (k = 2) elements.  

Here a charac te r i s t i c  feature is that very  often the tempera ture  dependence of c and X can be a s -  
sumed to be l inear.  In par t icular ,  this is always so when the initial t empera ture  is not too different f rom 
the convers ion tempera ture .  

A s imi lar  problem is encountered in the physics of combustion of powders and explosive mater ia ls .  
It was here  that a method of avoiding the difficulties associa ted with the need of solving a sys tem of equa- 
tions of type (1)-(3) was originally found. An "ignition" cr i ter ion was proposed [1], using which it was pos-  
sible to r e s t r i c t  the investigation to the solution of part ial  differential equations in the analysis  of a num-  
ber of cha rac t e r i s t i c s  of the p rocess .  Apparently, this c r i te r ion  can be used also in the case  of thermal  
decomposition of other  substances,  since essent ial ly  these p rocesses  differ only in the amount of absorbed 
or  l iberated energy or  in the o rder  of reaction. 

In the analysis  of combustion p rocesses  the heat conductivity equation has been investigated under the 
assumption that c and ~ are  constant quantities. Even though this is not t rue in general ,  this approach 
gives reasonable resul ts  in the f i r s t  approximation.  In the study of the p roces se s  of thermal  decomposition 
in conditions of scanning in a wide range of t empera tu res ,  this approximation is very  rough. Therefore  it 
s n e c e s s a r y  to solve the nonlinear heat conductivity equation with nonlinear boundary conditions. Exact 
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analyt ica l  solut ions for  th is  p rob lem a re  not known fo r  the genera l  case .  Below we p resen t  an approximate  
solution. This is  done using the combined method proposed by us e a r l i e r  [2]. 

Here  we shall  a s sume  that  the t e m p e r a t u r e  at any point of the inves t iga ted  sample  can be r ep re sen t ed  
in the f o r m  of a sum 

T (x, t) -: T (0, t) -~- AT (x, t), 

Here  AT(x, t) ~-- ~reT(0, t) (e << 1), which is val id,  for  example ,  for  smal l  s amples  which are used  in m i c r o -  
c a l o r i m e t r y .  Bes ides ,  we shall  a s s ume  that  t h e s l o p e  of the s t ra igh t  l ines  c(T), X(T) a re  also of the o rde r  
of 4e. 

The re fo re ,  we wri te  the hea t  conduct ivi ty  equation with condit ions (3) in d imens ion less  form:  
O0 { t + c~0 (0, Fo) + e6 (~, Fo) ~} - - -  

0 Fo 

/ ~176 = 0_0~ [t + ~ ,  0(0, Fo) -~ e6(~, Fo)] ~ , (4) 

O0 ~ = ~ = ~ q h  = Q; 
{~ + z,0 (o, Fo) + ~a (~, Fo)} Z0T---? 

a~ ~=o= O; o (L 0) = O; (5) 

Here  

T T~ ; 6(~, Fo) =0(~,  Fo)--0(0,  Fo); k = % o + ~ , . ( T - - T o ) ;  0 
To 

c k c 1 . ~'o . 
c : c o + c  (T. To); c 1 :  co -_To; L I =  ~ -  T,,; ~ =  ~'1 ' a~ c~ " 

x_ =~;  aol - F o .  
A A 2 

We shall  seek the solution of s y s t e m s  (4), (5) in the f o r m  

0 =/~1 (~, Fo) + e/2 (~, Fo) -~- e2f3 (~," Fo) -1- . . .  (6) 

We r e s t r i c t  ou r se lves  to the f i r s t  two t e r m s  in the expansion; then we have the following two equa-  
t ions  for  the funct ions fl and f2: 

all it :-ql'~ (0, Fo)l-OF~-o = [1 + Z~/~(0. Fo)l a2):~ �9 . . . . . . . . . . . .  a ~ '  (7) 

[1 -}-c,f,(0, F o ) l ~  = [1 +)~J,(0, Fo)l O-~- q -0 ' [ "  ( Of,Og ] ~ 

{ _t_ ~.,[~(0, Fo) -I- f~(~, Fo) --r~(0, Fo) --[1 -k ~.~[~ (0, Fo)l 

~ [f~ (g, Fo) f~ (0, Fo)] § c j ,  (0, Fo) / 0~h (8) 
x 

I -~ Clf 1 (0, Fo) J Og ~ 

+ k I1 -F )~]~ (0, Fo)] Of 2 _ + k [;h[z (0, Fo) + f~ (~, Fo) - -  f, (0, Fo)l Of~ 

at ~ at 
with the boundary  condit ions for  fl (~, Fo) 

[l+~.~fx(0, Fo)] of 1 ~_=Q;  of 1 ~=0= 

of. / [1 + ~aJ:, (0, Fo)] a~ -k L112(0' Fo)ucj 1~[~=1.= O; 
and for  fz(~, Fo) 

af2at ~_-0= o; L (~, 0) = f~ (~, 0) = o. 
(i0) 

Let  us  find the main par t  in expansion of 0. According to [2] we express  fl(~, Fo) in the f o r m  

' h (~, Fo) ----- fix (~, Fo) -F [1,, (~, Fo). ()1) 
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Since fll(~, Fo)  mus t  sa t i s fy  condi t ions  (9) and f12(~, Fo) mus t  sa t i s fy  the homogeneous  condi t ions  we 

have 

f~(~, Fo) a QU = } b(~ ' - -  2~2), (12) 
' 2 (I -~-- X:a) 

where  a(Fo)  mus t  be d e t e r m i n e d  f r o m  Eq. (7) a f t e r  subst i tu t ing f i l  into it and in tegra t ing  o v e r  ~ in the l imi t s  
f r o m  0 to 1, and b(Fo) mus t  be found f r o m  Ga le rk in  condit ion,  in which the funct ion X(}) = ~4--2}2 should be 
used  as  the moment .  Thus fo r  a(Fo)  and b(Fo) we obtain 

da Q 
1 ' (13) 

[ - 1 dFo ( l + q a )  k +  1 2 ( k + 3 ) ( 1  - ' -s  'a- 

db 
. . . .  f(a) b = g(a); 

da 

128(1+)~1a) k ; - 1  2(k - : -3 ) (1 ; -~ la )  ~ 
f(a)=- [ !_ 4 4 ] ; (14) 

( k ~ 3 ) ( k - - 5 ) ( k + 7 ) Q  k-  9 'r le 5 k + 7  

G (a) = - -  16QZ~ 

(k- i -3)" ,k-!  5)(k :-7)(1 Z'a)2[ lk-~9 " k--54 k 4 t7 

Equa t ions  (13), (14) may  be so lved in q u a d r a t u r e s .  However ,  the f o r m u l a s  obta ined in this  way a re  
compl i ca ted .  T h e r e f o r e ,  f o r  s impl i f i ca t ion  we shal l  make  use  of the fol lowing fact .  R e m e m b e r i n g  that  ?'! 
and c 1 a r e  of the o r d e r  of ~e  the impl ic i t  e x p r e s s i o n  fo r  a(Fo),  ob t a ined  a f t e r  in tegra t ion  of Eq. (13), and 
the coe f f i c i en t s  of Eq. (14) can be r e p r e s e n t e d  in the f o r m  of power  s e r i e s  of 4e.  Since f r o m  the v e r y  be -  
ginning we have r e s t r i c t e d  o u r s e l v e s  to two t e r m s  in expans ion  (6), in de t e rmin ing  a(Fo)  it is suff ic ient  to 
keep the same  a c c u r a c y ,  t . e . ,  to r e t a in  only up to quadra t ic  t e r m s .  R e m e m b e r i n g  that  the combined  m e t h -  
od gives  a sma l l  c o r r e c t i o n  at the second  s tage ,  in the de t e rmina t ion  of b(Fo) it is suf f ic ient  to r e t a in  only 
t e r m s  not including the p roduc t s  ?,la o r  Xic. 

Thus  we obtain 
a = [-- [2 (te -- 3) = Q)., (k - 1)1 - {[2 tk -= 3) .... Q).: (k 1)]'-' 

+ 4 (k - 1) {k -i- 3) QFo [2 i/e -- 3 )q  - -  Q).~ (le - 1) <22., i q)l} ~ ] [2 (k --3l q - -  Q).~ (k --:- l) (22.~ -= Q)J-k (15) 

b = - -  Q~Z, 
1 Qq 1 

8(k-',-3) k 1 21k 3)] 

128a ~. 2 (k + 3) k - 1') 1 
• 1 - - exp  (k-::-3)(k ,5)(k-: 7) Q 'k 1 4 _ _ _  

, -:-9 k- 5 
4J 

k + 7 .  
(16) 

Le t  us  now find f2(~, Fo).  H e r e  we shal l  r e s t r i c t  o u r s e l v e s  only to the solut ion obta ined by the in te -  
gra l  method,  s ince  as  a l r e ady  ment ioned ,  the c o r r e c t i o n  a s s o c i a t e d  with the use  of combined  method  will 
be of the o r d e r  of the t e r m  a f t e r  ef 2 in (6). 

R e p r e s e n t i n g  f2 in the f o r m  

f2 (~' Fo) = % (Fo) -':- % (Fo) ~ -!- % (Fo~ ~ 

and c o n s i d e r i n g  boundary  condi t ions  (10), a cco rd ing  to the in tegra l  method  we have 

~:Q~2 Q - 2b t 1 -- Z:a) 
f ~ = % { 1  2(1 Z~a) 2} Q~" 7 (:71 

Af te r  ave rag ing  (8) o v e r  r f o r  a0(Fo) we obtain a l i nea r  d i f fe ren t ia l  equat ion with va r i ab l e  coef f i c ien t s .  
F o r  the sake  of s impl i e i ty  we wr i t e  the in tegra l  of this  equat ion in the approx ima t ion  used  above,  i . e . ,  
neg lec t ing  t e r m s  of o r d e r  of ~e  and h ighe r  c o m p a r e d  to unity.  As a r e s u l t  we have-  

% - -  Q(k 1) ( 2  ~ "~ 
2c x \ k - 3 l {I - -  exp [ - -  QqFo}} (18) 
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F o r m u l a  (6), (12), (17) give the solution of the p rob l em with an accuracy  up to t e r m s  with e 3/2. Here  
a cha r ac t e r i s t i c  f ea tu re  is that in these  fo rmu la s  the dependence on the coordinate  is  r ep re sen t ed  by a b i -  
quadrat ic  polynomial .  If we cons ider  that in the vicini ty of the convers ion  t e m p e r a t u r e  the function exp(--E 
/RT) in the "ignition" c r i t e r ion  [1] can be expanded in power  s e r i e s  of T -k  (k = 0, 1, 2 . . . .  ), this  f o r m  of 
the solution is v e r y  convenient  for  fu r the r  computat ions.  
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N O T A T I O N  

is the t empera tu re ;  
is the coordinate;  
is  the t ime;  
i s  the degree  of conversion;  
is the act ivat ion energy; 
is  the specif ic heat; 
is the t he rm a l  conductivity; 
is a function cha rac t e r i z ing  the o rde r  of react ion;  
is the t h e r m a l  effect  of react ion;  
is  the preexponant;  
is  the gas  constant;, 
is  the intensity of the heat  flux de l ivered  to the ce l l s  with the invest igat ive ma te r i a l  (i = 2) 
and s tandard  (i = 1); 
is  the halfwidth of the l a y e r  of the mate r ia l ;  
a r e  the t e m p e r a t u r e ,  heat  flux, and coordinate;  
is  the F o u r i e r  number .  
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